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Abstract
We present a proof of that SO3(Q) is not a simple group, using a quaternion cover for
SO3(Q). Moreover, we show that the set of square matrices in SO3(Q) is a normal subgroup.
Using that result we give a proof of that the derived group of SO3(Q) is the kernel of homo-
morphism that maps SO3(Q) onto the countably infinite group ⊕ωZ2.
© 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction
Let SOn(F ) denote the set of all n by n special orthogonal matrices with deter-
minant 1. As usual, R, Q and Z stand for the set of real numbers, the set of rational
numbers, and the set of integers, respectively.
It is well known that SO3(R) is simple, that is, every normal subgroup N of
SO3(R) satisfies either N = {e} or N = SO3(R), and matrices with the same trace
are conjugate, a topological proof of these can be found in [3,7]. For a proof in
geometric language that the groups SOn(R) for n odd are simple, the interested
reader might consult [1]. In this paper, we present a proof of that SO3(Q) is not
a simple group. Moreover, we show that the set of square matrices in SO3(Q) is a
normal subgroup of SO3(Q) with index ω. The reader should consult [4] for further
information on the normal structure. In [4], Diendonné constructed a decreasing
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sequence of normal subgroups in the orthogonal group in three variables over the
rationals.
A quaternion cover of SO3(Q) was constructed in [6]. Let H ∗(Z) denote the set
of non-zero integer quaternions. There is a surjective semigroup homomorphism,
denoted by π ◦ φ, from H ∗(Z) to SO3(Q). For every matrix B in SO3(Q), there
exist integers z, r, s, t and a non-zero quaternion
K =


z −r −s t
r z −t −s
s t z r
−t s −r z


such that
B = 1
z2 + r2 + s2 + t2
×

z
2 + r2 − s2 − t2 2(rs − zt) 2(rt + sz)
2(rs + zt) z2 − r2 + s2 − t2 2(st − rz)
2(rt − sz) 2(st + rz) z2 − r2 − s2 + t2

 .
We call K or

z
r
s
t

 = (z, r, s, t)T
is a quaternion cover of B. Moreover, the kernel of π ◦ φ is the center of H ∗(Z)
which equal to

ze : z ∈ Z, z /= 0, and e =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




.
Notice that
rs
t


is an axis of B, i.e.,
B

rs
t

 =

rs
t

 .
Using the fact that B−1 equals the transpose of B for every rotation B ∈ SO3(Q), if
K is a quaternion cover of B then the transpose of K, denoted by KT, is a quaternion
cover of B−1.
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A similar surjective semigroup homomorphism can also be constructed from the
set of non-zero real quaternions H ∗(R) to SO3(R). For every matrix B in SO3(R),
there exist real numbers z, r, s, t, not all equal to zero, such that
B = 1
z2 + r2 + s2 + t2
×


z2 + r2 − s2 − t2 2(rs − zt) 2(rt + sz)
2(rs + zt) z2 − r2 + s2 − t2 2(st − rz)
2(rt − sz) 2(st + rz) z2 − r2 − s2 + t2


and 
rs
t


is an axis of B. The quaternion cover was a rediscovery of the spin cover of the
rotation group in [2].
2. Type function on H ∗(Z)
Definition 2.1. For
K =


z −r −s t
r z −t −s
s t z r
−t s −r z

 ∈ H ∗(Z),
define type T # as
T #(K) = √f iff (1/δ1/4K )K ∈ SO4(Q(
√
f )),
where δK = det(K) = (z2 + r2 + s2 + t2)2, δ1/4K =
√
z2 + r2 + s2 + t2 = m√f ,
m ∈ Z\{0}, and f is a strictly positive square free integer. (T #(K) = √1 if and only
if z2 + r2 + s2 + t2 = m2, for some m ∈ Z\{0}.)
Introduce equivalence classes in the monoid H ∗(Z) by defining
K ∼ L ⇐⇒ δ1/2K LhLT = δ1/2L KhKT,
for each h ∈ {i, j, k}, where
i =


0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

 , j =


0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0

 ,
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and
k =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 .
Combine the definition of “∼” and computation, we can conclude that (i) for
K ∈ H ∗(Z), K ∼ e iff K = ze, for some z ∈ Z and z /= 0; (ii) for K,L ∈ H ∗(Z),
K ∼ L iff LTK ∼ e (and/or KTL ∼ e). Based on these two results, one can easily
prove the following theorem.
Theorem 2.2
(a) “ ∼ ” is an equivalence relation on H ∗(Z).
(b) T #(K) is constant on equivalence classes.
(c) Let K be a quaternion cover of BK, and L be a quaternion cover of BL. K ∼ L
if and only if BK = BL.
For f and g, strictly positive square free integers, we define the Boolean operation
√
f ♦√g ≡
√
fg
gcd(f, g)
.
We then have
Lemma 2.3. The type T # is a surjective homomorphism from H ∗(Z) onto {{√f },
♦}.
Proof. Let K,L ∈ H ∗(Z), and T #(K) = √f , T #(L) = √g with f and g square
free. By Definition 2.1, T #(K) = √f if and only if δ1/4K = m1
√
f , and T #(L) = √g
if and only if δ1/4L = m2
√
g.
Since δ1/4KL = δ1/4K δ1/4L = m1
√
fm2
√
g = m1m2√fg, let √fg = gcd(f, g)
√
h
with h square free, δ1/4KL = m1m2 gcd(f, g)
√
h, with h square free. So T #(KL) =√
h. By the definition of ♦, T #(K)♦ T #(L) = √f ♦√g = √h, hence T #(KL) =
T #(K)♦ T #(L), so T # is a homomorphism.
To establish the surjectivity of T #, it suffices to recall that for every non-negative
integer f, there exist z, r, s, and t such that f = z2 + r2 + s2 + t2. Suppose f is square
free, then there exists a
K =


z −r −s t
r z −t −s
s t z r
−t s −r z

 ∈ H ∗(Z)
such that δ1/4K =
√
z2 + r2 + s2 + t2 = √f , hence T #(K) = √f . 
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Now we consider SO3(Q) as equivalence classes in the semigroup H ∗(Z). The
combining of Theorem 2.2 and Lemma 2.3 shows that the homomorphism
T #: H ∗(Z) −→ {{√f },♦} is well-defined and is a homomorphism on the “∼” equi-
valence classes that construct SO3(Q) as a semigroup with a well-defined operation
from equivalence classes of a covering semigroup. Therefore, we have the following
theorem.
Theorem 2.4. The type T # determines a surjective homomorphism from SO3(Q)
onto ⊕ωZ2, the Boolean group of {√f : 1  f ∈ Z and f is square free}.
3. Normal subgroups of SO3(Q)
Definition 3.1. For a matrix B ∈ SO3(Q), let K be a quaternion cover of B. B is
ultrarational if and only if type T #(K) = √1, i.e., δ1/2K = (detK)1/2 is a non-zero
square. Let ULTR(SO3(Q)) denote the set of all ultrarational matrices in SO3(Q).
Remark. From Theorem 2.2, ultrarational is well defined.
Let Inv(SO3(Q)) denote the set of all involutions in SO3(Q). By computation one
can conclude the following proposition.
Proposition 3.2. Let B ∈ SO3(Q)\Inv(SO3(Q)). Then B is ultrarational if and only
if trace(B)+ 1 is a non-zero square number, i.e., trace(B)+ 1 ∈ Sq(Q∗), where
Sq(Q
∗) = {r2: r ∈ Q∗ = Q\{0}}.
Clearly, ULTR(SO3(Q)) is a proper subgroup of SO3(Q), since there are matrices
in SO3(Q) which have trace+ 1 not equal to a square. From Definition 3.1 and
Theorem 2.4, ULTR(G) is the kernel of the homomorphism T #. Therefore, we have
the following theorem.
Theorem 3.3. Let G = SO3(Q). Then ULTR(G) is a proper normal subgroup of
G. Hence the group G = SO3(Q) is not simple. Moreover, G/ULTR(G)  ⊕ωZ2.
Let Sq(SO3(Q)) = {g2: g ∈ SO3(Q)}. We will show that Sq(SO3(Q)) is a normal
subgroup of SO3(Q).
Theorem 3.4. The following are equivalent for each B ∈ SO3(Q)\Inv(SO3(Q)):
(1) B is ultrarational.
(2) If
CBC−1 =

cos θ − sin θ 0sin θ cos θ 0
0 0 1

 ,
for some C ∈ SO3(R), then cos(θ/2) is a non-zero rational number.
(3) B is a matrix in Sq(SO3(Q)), i.e.,
√
B = {g ∈ SO3(Q): g2 = B} /= ∅.
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Proof. Let
B = 1
z2 + r2 + s2 + t2
×

z
2 + r2 − s2 − t2 2(rs − zt) 2(rt + sz)
2(rs + zt) z2 − r2 + s2 − t2 2(st − rz)
2(rt − sz) 2(st + rz) z2 − r2 − s2 + t2

 ,
where z /= 0. We will show that (1) implies (2), (2) implies (3), and (3) implies (1).
“(1) ⇒ (2)”. If B is ultrarational and B is not an involution, by Proposition 3.2,
trace(B)+ 1 ∈ Sq(Q∗). Since
CBC−1 =

cos θ − sin θ 0sin θ cos θ 0
0 0 1

 ,
trace(B) = 2 cos θ + 1, then trace(B)+ 1 = 2 cos θ + 2 = 2(cos θ + 1) ∈ Sq(Q∗).
Furthermore, 2(cos θ + 1) = 4(cos(θ/2))2, hence cos(θ/2) ∈ Q.
“(2) ⇒ (3)”. If
CBC−1 =

cos θ − sin θ 0sin θ cos θ 0
0 0 1


and cos(θ/2) ∈ Q∗, then
CBC−1 =

cos(θ/2) − sin(θ/2) 0sin(θ/2) cos(θ/2) 0
0 0 1


2
,
this implies that
B =

C−1

cos θ/2 − sin θ/2 0sin θ/2 cos θ/2 0
0 0 1

C


2
.
So B has a square root in SO3(R).
The left is to show that
√
B ∈ SO3(Q). Note that B and
√
B have the same axis
in R3 and
axis(
√
B) = axis(B) = SpanR



rs
t



 ,
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where
rs
t

 ∈ Q3\{0}.
Let 

z˜
r
s
t

 ∈ R4\{0}
be a non-zero vector such that
√
B = 1
z˜2 + r2 + s2 + t2
×

z˜
2 + r2 − s2 − t2 2(rs − z˜t) 2(rt + sz˜)
2(rs + z˜t) z˜2 − r2 + s2 − t2 2(st − rz˜)
2(rt − sz˜) 2(st + rz˜) z˜2 − r2 − s2 + t2

 .
So
trace
(√
B
) = 3z˜2 − (r2 + s2 + t2)
z˜2 + r2 + s2 + t2 = 2 cos(θ/2)+ 1.
Let r2 + s2 + t2 = h, then solving z˜2, we get
z˜2 = 1+ cos(θ/2)
1− cos(θ/2)h =
(1+ cos(θ/2))2
1− cos2(θ/2) h.
By cos θ = 2(cos(θ/2))2 − 1 and trace(B) = 2 cos θ + 1 = (3z2 − h)/(z2 + h), we
have
cos(θ/2) = z/
√
z2 + r2 + s2 + t2 = z/
√
z2 + h.
By the hypothesis cos(θ/2) ∈ Q∗ and z /= 0, we have √z2 + h ∈ Q. From
z˜2 =
(
1+ z√
z2+h
)2
1− z2
z2+h
h =
(
1+ z√
z2 + h
)2
(z2 + h) =
(√
z2 + h+ z
)2
,
we conclude that z˜ ∈ Q. It follows that √B ∈ SO3(Q).
“(3) ⇒ (1)”. Let
K =


z −r −s t
r z −t −s
s t z r
−t s −r z


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be a quaternion cover of
√
B. Then K2 is a quaternion cover of B. Since
(detK2)1/2 = (detK detK)1/2 = detK , and detK = (z2 + r2 + s2 + t2)2, B is
ultrarational. 
The next theorem takes care of the involutions in SO3(Q).
Theorem 3.5. Let B ∈ Inv(SO3(Q)), then B is ultrarational if and only if B is a
matrix in Sq(SO3(Q)).
Proof. If B ∈ Sq(SO3(Q)), the proof of (3) ⇒ (1) in Theorem 3.4 still applies
here.
Now let B be an involution and ultrarational. Then
B = 1
r2 + s2 + t2

r
2 − s2 − t2 2rs 2rt
2rs −r2 + s2 − t2 2st
2rt 2st −r2 − s2 + t2


with r2 + s2 + t2 = h2 for some h ∈ Q∗. Then there exists C ∈ SO3(R) such that
CBC−1 =

−1 0 00 −1 0
0 0 1

 =

0 −1 01 0 0
0 0 1


2
.
Therefore
B =

C−1

0 −1 01 0 0
0 0 1

C


2
.
So B has a square root in SO3(R).
By the same argument that used in the proof of (2) ⇒ (3) in Theorem 3.4,

z˜
r
s
t


is a quaternion cover of
√
B with z˜ = h = √r2 + s2 + t2 ∈ Q. 
From Theorems 3.4 and 3.5, Sq(SO3(Q)) = ULTR(SO3(Q)). The following Cor-
ollary is directly from Theorem 3.3.
Corollary 3.6. LetG = SO3(Q). Sq(G) is a normal subgroup of G andG/Sq(G) =
⊕ωZ2.
For our final aim we need to recall that every element of G = SO3(Q) is the
product of two involutions in G, a detail proof of this can be found in [5]. Therefore,
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if B ∈ Sq(G), B = A2 for some A ∈ SO3(Q), and A = γ1γ2 where γ1 and γ2 are in-
volutions, then B = (γ1γ2)2 = γ1γ2γ−11 γ−12 . Hence, every square is in the commu-
tator subgroup. On the other hand, forR, S ∈ G,RSR−1S−1 = R2(R−1S)2(S−1)2 ∈
〈Sq(G)〉 = Sq(G). Thus we have
Theorem 3.7. Let G = SO3(Q). Then B ∈ Sq(G) if and only if B is a commutator.
Hence Sq(G) = G′, the derived group of G.
The next theorem follows directly from Theorem 3.3, Corollary 3.6, and Theorem
3.7.
Theorem 3.8. G/G′ = ⊕ωZ2.
Acknowledgements
The authors are very grateful to the referee for many constructive comments and
valuable suggestions.
References
[1] E. Artin, Geometric Algebra, Interscience Tracts in Pure and Applied Mathematics, vol. 2, Inter-
science Publishers, New York, 1957.
[2] C.C. Chevalley, The Algebraic Theory of Spinors, Columbia University Press, 1954.
[3] W.W. Comfort, C. Lewis Robertson, Images and quotients of SO3(R): remarks on a theorem of van
der Waerden, Rocky Mountain J. Math. 17 (1) (1987) 1–13.
[4] J. Dieudonné, Sur les groupes orthogonaux rationnelsà trois et quatre variables, C. R. Acad. Sci. Paris
233 (1951) 541–543.
[5] G. Liu, Free groups and free products in SL2(Z) and SO3(Q), Doctoral Dissertation, Wesleyan Uni-
versity, 1995.
[6] G. Liu, L.C. Robertson, Free subgroups in SO3(Q), Commun. Algebra 27 (4) (1999) 1555–1570.
[7] B.L. van der Waerden, Stetigkeitssätze für halbeinfache Liesche Gruppe, Math. Zeitschrift 36 (1933)
780–786.
